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For k 2 2, any graph G with n vertices and (k - 1) (n - k + 2) + (” 1’) edges has a subgraph
of minimum degree at least k; however, this subgraph need not be proper. It is shown that if G
has at least (k - 1) (n - k + 2) + (e ;‘) + 1 edges, then there is a subgraph H of minimal degree
k that has at most n - fi/@
vertices. Also,
subgraphs of minimum degree k are given.

conditions

that insure the existence

of smaller

A graph G of order p (p vertices) and size q (q edges) will be called a
Special notation will be introduced when needed, and notation not
specifically mentioned will generally follow [2]. The wheel graph W(l, n) =
K1 + C,_, is a (n, 2n - 2)-graph with minimal degree 6 = 3. However, no proper
subgraph of W(l, n) has minimal degree 3. More generally, for any integer k 3 3,
the generalized wheel W(k - 2, n) = Kk--2 + C,,--k+Z is a (n, (k - 1) (n - k + 2) +
(” ; *))-graph such that k - 2 of the vertices have degree n - 1 and the remaining
vertices induce a cycle of order n - k + 2. The minimum degree in W(k - 2, n) is
k, but no proper subgraph has minimal degree k.
It will be shown that any graph G of order n with the same number of edges as
W(k - 2, n) has a subgraph of minimum degree k, and, in fact, a proper
subgraph when this number of edges is increased. More specifically, the following
will be proved.
(p, q)-graph.

Theorem 1. For the integer k Z=2, let G be II (n, (k - 1) (n - k + 2) + (” 2’) + l)graph. Then,
6(H) 3 k.
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One of
graph G
(1 - c)n)
Theorem
one.

P. Erd& et al.

the authors (P. E.) originally conjectured for k = 3 (see [l]) that the
of Theorem 1 contains even smaller subgraphs (of order at most
with minimum degree k, but the techniques used in the proof of
1 do not give a proof to that conjecture, or the following more general

Conjecture.
For k 3 2, there exists an E s 0 such that any (n, (k - 1) (n k + 2) + (” 2’) + 1)-graph has a subgraph H of order at most (1 - c)n with

6(H) 2 k.
The correct order of magnitude of the number of edges needed in a graph of
order n to insure the existence of ‘small’ subgraphs with minimum degree k can
be determined. In fact, the following will be proved.
Theorem 2. Let the integer k a 2 and 0 < E < 1 be given. Then, any (n, [kn/cl)graph G has a subgraph H of order at most [en] with 6(H) 5 k.

Proofs

For k > 2, the generalized wheel W(k - 2, n) is a (n, (k - 1) (n - k + 2) +
(k;2))-graph that h as minimum degree k, and it is easy to verify that no proper
subgraph has minimum degree at least k. In fact, the deletion of any vertex of this
graph produces a vertex of degree k - 1 in the ‘cycle’, so any proper subgraph
with minimum degree at least k cannot contain any of the vertices in the cycle.
Any (n, (k - 1) (n - k + 2) + (” ; ‘))-graph G has a subgraph of minimum
degree at least k. This can be verified by assuming that G has no such subgraph,
and then successively deleting a vertex of minimal degree in the graph that
remains. This implies that vertices of degree at most k - 1 can be deleted until
there are k - 1 vertices remaining. Thus, G has at most (k - 1) (n - k + 1) + (” ; ‘)
edges, which is less than (k - 1) (n - k + 2) + (“;*). This contradicts the assumption on the number of edges in G and verifies the claim that G has a subgraph of
minimal degree at least k. The same counting argument implies that if an
additional edge is added to G, then G will contain a proper subgraph of minimal
degree at least k. In this case, we can assume that the first vertex will have degree
at most k, and at each step thereafter, the deleted vertex will have degree at most
k - 1 in the current graph. This time, a contradiction to the number of edges in G
is reached after the deletion of n - k vertices. The following lemma summarizes
these simple observations.
Lemma 3. For an integer k 2 2, any (n, (k - 1) (n - k + 2) + (“;*))graph
G has
a subgraph H of minimal degree k, and any (n, (k - 1) (n - k + 2) + (” ;‘) + l)graph has a proper subgraph of minimal degree k. Also, each result is sharp.
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of minimal degree k

The sharpness of the result follows from the generalized wheel W(k - 2, n) and
any graph obtained from W(k - 2, n) by deleting an edge.
The proof of Theorem 1 will be broken into two cases that depend on whether
G has ‘few’ or ‘many’ vertices of degree k. The next two lemmas deal with these
two cases, with the first of these handling the case when G has few vertices of
degree k.
Lemma

4. For k 5 2, let G be a (n, (k - 1) (n - k + 2) + (“2’) + l)-graph

6(G) 2 k. Zf for some positive (Y< 1/(2k),

with

G has at most an vertices of degree k,

then G has a subgraph H of order at most n - (1 - 2ak)n/(8k2)

with 6(H) 2 k.

Proof. We will inductively

describe an algorithm for selecting a set of vertices X
that, when deleted, will give the required graph H. Let S,-,be the vertices of G of
degree k, and let S,* be the set of neighbors in G of the vertices in SO. Select a
vertex x1 in G - S,* of minimum degree. Thus, 6(G -x1) Z=k.
If vertices X, = {xi, x2, . . . , x,} have been chosen, then set G, = G - X,, let S,
be the vertices of G, of degree k, and let S: be the neighbors of S, in the graph
G,. As before, select x,+~ to be a vertex of minimum degree d,+l in G, - ST.
Clearly then for each i 6 r,
6(Gi) 2 k,

ISi+ll s ISi1+ di,

and

IS,*16 kJSi(.

Let m be the smallest integer r such that lS:l + d, 3 n/2. Therefore, for each
is m, the xi is a vertex of minimum degree chosen from a set of at least n/2
vertices. Hence, for each i,
di s 2( (k - 1) (n - k + 2) + (k 2 “) + l)/(n/2)

S 4k - 2,

since n 3 k + 1. This implies that

I’ll c CM s Wd + (4k - 2)m),
and so by our choice of m,
k(l&,l + (4k - 2)m) + m 3 n/2.

Therefore, m > (1 - 2ka)n/(8k2),
completes the proof of Lemma 4.

and H = G - X,,, is the required
Cl

graph that

Next, we deal with the case when G has many vertices of degree k. First, we
introduce some specialized notation that will be used in the proof. If A is a set of
vertices of G, then y(A) is the number of edges incident to some vertex in A.
Thus, y(A) is the sum of the degrees of the vertices in A minus the number of
edges between vertices in A.
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Lemma 5. For k 3 2, let G be a (n, (k - 1) (n - k + 2) + (” ; ‘) + l)-graph
with
6G 3 k. If for some positive LY< 1, G has at least an vertices of degree k, then G
has a subgraph

H of order at most n - 16/k]

with 6(H) 3 k.

Proof. The proof will be by induction on it. For n < k2/a, Lemma 5 is true by
Lemma 3, since 6/k
s 1. Thus, we will assume that n > k2/a and the result is
true for any graph of order m <n. Let p = G/k,
and suppose that G has no
subgraph H of order at most n - [pf] n an d minimal degree k. We will show that
this leads to a contradiction.
If A is a set of vertices of G of order r with y(A) s (k - 1)r + 1, then G -A is
a (n - r, q)-graph where q 3 (k - 1) (n - r - k + 2) + (” ; “)). Hence, G - A has
a subgraph of minimal degree k by Lemma 3. Such a subset A will be called
good, and we can assume that any good subset has less than [@fi] vertices, for
otherwise, we would have a contradiction that would complete the proof. If in
addition, y(A) s (k - l)r, then G -A is a (n - r, q)-graph with q 3 (k - 1) (n r - k + 2) + (” ;‘) + 1). Thus, the induction assumption would apply to G -A,
and give that G has an appropriately
small subgraph of minimal degree k.
Therefore,
we may assume that there is no set A with r vertices and
y(A) s (k - 1)r. Thus, in particular, we can assume that each good subset A
satisfies y(A) = (k - l)JA( + 1.
Note that if A and B are good subsets with non-empty intersection C, then
A U B is also a good subset. To see this observe that y(A) s (k - 1)lAl + 1,
y(B) s (k - l)IB( + 1, and y(C) 2 (k - 1)lCl + 1, and therefore

Y(A U B) c Y(A) + Y(B) - Y(C)
<(k - l)(IAl + IBI - ICI) + 1
=(k - 1)JA U BI + 1.

Hence, any two maximal (with respect to the number of vertices) good subsets
must be disjoint. Also, clearly any maximal good subset A has the property that
6(G -A) 3 k, for if this were not true an additional vertex of degree at most
k - 1 in G - A could be added to A to obtain a larger good subset.
Let {A,, A2, . . . , A,} be the collection of maximal good subsets of G. If v is a
vertex of degree k, then {v} is a good subset, so each vertex of degree k is in
some Ai. Thus, there are at least cm vertices in the union of the maximal good
Select
a maximal
subcollection
of
{A,, A2, . . . , A,},
subsets.
say
A,},
such
that
their
union,
which
we
will
denote by B, has the
{A,, AZ,. . . >
property that 6(G - B) 2 k. Such a collection exists, since 6(G -Ai) 2 k for
each i.
for
Recall that IAi( < l/Q&] for each i, and we can assume that 1BI < @fij,
otherwise the proof would be complete. This implies there are many Ai for i > s,
and in fact
t -s > (cm - Lpfi])/(

LPfil)

2 ((Y/P)6

- I.

Subgraphs of minimal degree k

57

For any i > s, 6(G - B - Aj) < k, so let xi be a vertex of degree at most k - 1
in this graph. Because of the nature of B and the Aj, Xj is adjacent in G to a
vertex in B and to a vertex in Aj. Let X = {xi: i > s}. It is possible for xi = 5 with
i #j, but since xi has degree at most k - 1 in G - B - Aj, this duplication can
occur at most k times. Hence 1X1> (t - s)/k > ((al/l)fi
- 1)/k.
The number of edges from G - B into B is a least 1x1, but on the other hand at
most y(A,) + y(AJ + * * . + y(A,) s kl B I edges emanate from B. Therefore
JB( 3 [Xl/k > ((@)I&

This is a contradiction

- l)l(k*)

= pdi

-

l/k’.

that completes the proof of Lemma 5.

We are now prepared to give the proof of Theorem

0

1.

Proof of Theorem 1. The proof will be by induction on 12. For n c 6k3, the
subgraph H need only be proper, so that the result follows from Lemma 3. Thus,
we assume that IZ> 6k3. If G has a vertex v of degree less than k, the induction
assumption applies to the graph G - 2r, and the proof is complete. Hence, assume
that S(G) 5 k. To complete the proof, set (Y= 1/(6k), and apply Lemma 4 or
Lemma 5 depending on whether G has at most MZvertices of degree k, or at least
cm vertices of degree k. Cl

In the case when G does not have many vertices of degree k (at most MZ) the
conjecture that would improve the conclusion of Theorem 1 is proved by Lemma
4. Therefore, in order to prove the conjecture, it is sufficient to consider the case
when G has many vertices of degree k.
Consider the cycle C = (xi, x2, . . . , x,) of order n, and let G = Ck-’ (a pair of
vertices are adjacent in G if the distance between them is a most k - 1 in C).
Therefore, G is a (n, (k - l)n)-graph that is regular of degree 2(k - 1). Also, G
does not have ‘small’ subgraphs of minimum degree k. To see this, let H be such
a subgraph of G. If xi is in ZYZ,
then Xi+j is in H for some 1 si s k - 1, since xi is
adjacent to only k - 1 vertices of G with indices less than i (indices are taken
modulo n). Thus H has at least n/(k - 1) vertices. In fact, more can be said, since
Xi in H implies Xi+j is in H for some 2k ~j c 3k - 1. Hence, there are at least
[n/(3k)J vertices in H with disjoint neighborhoods in H of order at least k, and
so H has at least (k + 1) [n/(3k)] vertices. Since (k - 1)n 3 (k - 1) (n - k + 2) +
(” ;*) + 1, the conjecture is not true for subgraphs H of G with order (1 - c)n for
large values of s.
The example just given together with Theorem 2 shows that for each k and E
that there is a smallest c = c(k, E) such that any (n, cn)-graph G has a subgraph
H of order at most uz with b(H) 5 k. We now prove Theorem 2, which gives an
upper bound for c.
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Proof of Theorem

2. Let t = [ml, r = (t : 1), and G,, G2, . . . , G, be the induced
subgraphs of G of order t + 1. Each of the [kn/cl edges of G will be precisely
(71;) of these subgraphs. Therefore, one of the Gi, say Gi, has at least

edges. Sequentially delete vertices (at least one) of G, by deleting a vertex of
smallest degree less than k in the graph that remains. This results in a subgraph H
of Gi that has minimal degree k and 1231=Z1~~1. Note that this procedure
terminates in a graph H, since the average degree of Gi is approximately 2k. The
subgraph H of Gi satisfies the required conditions of the theorem.
0

Problems

There are several interesting problems related to these results. Of course,
verification of the conjecture mentioned in the introduction is the primary
problem. If the conjecture is proved, then determination of the correct value of E
would be of interest. Determination of the smallest value of c = c(k, E) such that
any (n, cn)-graph has a subgraph H of order at most r&n] with 6(H) 2 k is
probably very difficult, but of interest. No upper bound was placed on the degrees
of vertices in G in any of the results. What effect would this have on the existence
of the subgraph H of minimal degree k?
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